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Abstract: This paper discusses the calculation of test-cases for inter-
active systems. A novel approach is presented that treats the problem of
test-case synthesis as an abstraction problem. The refinement calculus
is used to formulate abstraction rules for calculating correct test-case
scenarios from a formal contract. This abstraction calculus results in a
synthesis method that, does not need to compute a finite state machine.
This is in contrast to previous work on testing from state-based spec-
ifications. A well known example from the testing literature serves to
demonstrate this unusual application of the refinement calculus in order
to synthesize tests rather than implementations.
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1 Introduction

In the past of computer science a large gap between the testing and the formal
methods community could be realized. Testers did not believe in the applicability
of formal verification techniques to real world problems, and formal method’s
advocates could not accept testing-techniques as an adequate verification method
for producing correct software. However, today the gap is closing.

Today, light-weight approaches to formal methods invite engineers to gain
the advantages of formal specification techniques without focusing solely on cor-
rectness proofs. Having precise and unambiguous formal specifications available,
is the pre-requisite in order to automate black-box testing. This functional test-
ing approach, in which the system under test is considered as a black-box, has
become more and more important: There is a growing awareness that a combina-
tion of black- and the more traditional white-box testing uncovers more defects
than applying a technique solely. Especially, the object-oriented paradigm and
the increasing use of Components Of The Shelf (COTS), shifted the focus of
interest towards black-box approaches [8].

The process of testing, and so its automation, can be divided into two main
activities: first, the synthesis of test-cases, second, the execution and evaluation
of the tests. In [3] the author has presented techniques for automating the lat-
ter by using an abstract requirements specification in the Vienna Development
Method Specification Language (VDM-SL) as a test-oracle for black-box testing.
In this paper we focus on the synthesis of test-cases.



1.1 Motivation

The motivation for this work originates in two previous industrial projects, where
explicit VDM specifications and IFAD VDMTools [13] have been used to support
the conventional synthesis of system-level test-cases. Both projects in the area of
voice communication for air-traffic control demonstrated the need for formality.

In the first project the formalization of the requirements uncovered 64 am-
biguous, contradictory, unclear or erroneous issues in the informal system doc-
uments. Furthermore, the execution of the formal prototype with the system
test-cases in use lead to the realization that only 80% of the system’s radio func-
tionality had been covered — an unacceptable low percentage for a safety-critical
system [17, 18].

The second project’s formalization raised 108 questions concerning the re-
quirements, with 33 of them resulting in changes in the requirements document.
Furthermore, 16 errors in the 65 original test-cases have been found [4]. This
time, the conventional test-cases were designed in a very thorough manner: for
each requirement one or more test-cases have been specified resulting in a 100%
expression coverage. Thus, we realized that this coverage metric of VDMTools
was too weak for finding more advanced test-cases.

The following observations motivate the formal test-synthesis method pre-
sented here. (1) The quality of system-level test-cases heavily relies on the quality
of the based requirements. Formal specification techniques have proved to raise
this quality. (2) Executable specifications tend to become too low-level with re-
spect to abstraction. Therefore, a test-case synthesis approach should rather be
based on more general relational than on functional specifications. (3) In our
case, the safety-critical system is a highly interactive systems. Hence, the for-
malism used should be capable of capturing interaction. (4) Typical test-cases
of such complex systems are scenarios of usage. Thus, a testing strategy must
rather focus on scenarios than on input-output behavior. (5) In practice, many
change requests have to be considered and test-cases should be easily adapt-
able. (5) Existing test-synthesis approaches do not satisfy our needs, as will be
explained in more detail below.

1.2 Related Work on Testing

Since our approach is based on the refinement calculus, test-case generation
from model-based specifications mostly relate to our own work. Model-based
specifications use mathematical objects like sets, sequences and finite mappings
for modeling a system’s state explicitly.

One of the most cited works on test-case generation from model-based specifi-
cations is [11]. Dick and Faivre describe the method for an automated calculation
of an finite state machine (FSM) based on a partitioning of the state spaces as
well as the involved operations. A prolog tool has been developed for calculating
the partitions based on a disjunctive normal form (DNF) transformation of the
specification.



Most of the later work on testing from formal specifications is based on
their observations. In Stocks’ PhD thesis and his subsequent work, this formal
partitioning technique is applied to Z [30, 29, 28, 9] for the first time.

Stepney realized the abstraction relation between test-cases and object-oriented
Z specifications [27]. Her group developed a tool for interactively calculating par-
tition abstractions and to structure them for reuse. Our work can be seen as an
extension of this view on testing.

In [16] a Z-based tool for partitioning is presented. As in our previous work,
the specification is used as a test-oracle. The work presented in [15] demonstrates
that a theorem prover like Isabelle can be used to generate such test-classes
based on DNF rewriting. In order to reduce the number of possible partitions
the classification tree method is applied for selecting only interesting partitions in
[26]. Furthermore, in [25] testing from combined Z and statechart specifications
is discussed.

In [2] the DNF method is applied to B [1]. Furthermore, B prototypes have
been used for preparing tests [31], similar to our own industrial projects using
VDM. Recently, Derrick and Boiten [10] discussed the refinement of test-cases
calculated from a Z specification. Again, the approach is based on calculating a
FSM.

Another class of approaches starts directly from behavioral specifications
like finite state machines or finite labeled transition systems. For example [23,
24] reports on the test-case generation from CSP specifications for embedded
systems.

As we do, MacColl and Carrington are planing to develop a testing framework
for interactive systems. They use a combination of Z and behavioral specifications
(the process algebras CSP and CCS) for specifying such systems [21]. In [14] such
behavioral specifications are combined with algebraic testing techniques.

As can be seen, a lot of work has been done on generating test-cases from
formal specifications. However, this paper demonstrates that there is still space
for new contributions.

1.3 Contribution

Unlike the work above, our approach is based on program synthesis techniques.
Since test-case generation is a synthesis process we find it more natural to use a
development method like the refinement calculus in order to calculate test-cases.

The innovation in the work presented here is that the synthesis of test-
sequences (scenarios) is considered as an abstraction problem. Especially, the
reverse application of a refinement calculus for calculating the test-cases is new.
In general, refinement is known as the process of concretization from an ab-
stract specification towards an implementation while preserving its correctness.
In contrast to the usual application of refinement techniques (see [12, 20, 22, 6]),
where a program is developed, in this approach the possible user interactions
are specified on an abstract level and then further abstracted towards a valid
sequence of user-actions – a test-scenario. Here Back and von Wright’s theory
of refinement [6] is applied in order to calculate correct abstractions.



Finally, our sequencing technique does not calculate the complete FSM prior
to test-case selection and thus differs from the approaches above. In an envi-
ronment, where change requests are common, calculating the whole FSM is not
very efficient. Our method focus on the impact on the possible scenarios by
systematically analyzing interaction compositions.

2 Testing Based on Contracts

2.1 Contracts

The prerequisite for testing is some form of contract between the user and the
provider of a system that specifies what it is supposed to do. In case of system-
level testing usually user and software requirement documents define the con-
tract. Formal methods propose mathematical languages to define such a contract
unambiguously and soundly. In this work the formal contract language of [6] is
used. It is a generalization of the conventional pre- and post-condition style of
formal specifications of VDM, B and Z. The logic of the contract language is
higher-order logic (HOL).

A system is modeled by a global state x of type Σ denoted by x : Σ. Function-
ality is either expressed by functional state transformers f or relational updates
R. A state transformer is a function f : Σ → Γ mapping a state space Σ to the
same or another state space Γ .

A relational update R : Σ → Γ → Bool specifies a state change by relating
the state before with the state after execution. In HOL, relations are modeled
by functions mapping the states to Boolean valued predicates. For convenience,
a relational assignment (x := x′|b) is available and generalizes assignment state-
ments. It sets a state variable x to a new state x′ such that b holds.

The language further distinguishes between the responsibilities of commu-
nicating agents in a contract. Here, the contract models the viewpoint of one
agent called the angel who interacts with the rest of the system called the de-
mon. In our work following [6, 5], the user is considered the angel and the system
under test the demon. Relational contract statements denoted by {R} express
relational updates under control of the angel (user). Relational updates of the
demon are denoted by [R] and express updates that are non-deterministic from
the angel’s point of view. Usually, we take the viewpoint of the angel.

The contract statement 〈f〉 denotes a functional update of the state deter-
mined by a state transformer f . There is no choice involved here, neither for the
angel nor the demon agent, since there is only one possible next state for a given
state.

Two contracts can be combined by sequential composition C1;C2 or choice
operators. The angelic choice C1tC2 and the demonic choice C1uC2 define non-
deterministic choice of the angel or demon between two contracts C1 and C2.
Furthermore, predicate assertions {p} and assumptions [p] define conditions the
angel, respectively the demon, must satisfy. In this language of contract state-
ments {p}; 〈f〉 denotes partial functions and {p}; [R] pre-postcondition specifi-
cations. Furthermore, recursive contracts are possible for expressing iteration.



2.2 Semantics

The semantics of the contract statements is defined by weakest precondition
predicate transformers. A predicate transformer C : (Γ → Bool)→ (Σ → Bool)
is a function mapping postcondition predicates to precondition predicates. The
set of all predicate transformers from Σ to Γ is denoted by Σ 7→ Γ =̂ (Γ →
Bool)→ (Σ → Bool). Following the convention, we identify contract statements
with predicate transformers that they determine. The notation f.x is used for
function application instead of the more common form f(x). For details of the
predicate transformer semantics, we refer to [6].

2.3 Refinement

The notion of contracts includes specification statements as well as programming
statements. The latter can be defined by the basic contract statements presented
above. The refinement calculus provides a synthesis method for refining speci-
fication statements into programming statements that can be executed by the
target system. The refinement rules of the calculus ensure by construction that
a program is correct with respect to its specification.

Formally, refinement of a contract C by C ′, written C v C ′, is defined by the
pointwise extension of the subset ordering on predicates: For Γ being the after
state space of the contracts, we have

C v C ′ =̂ ∀q ∈ (Γ → Bool) · C.q ⊆ C ′.q

. This ordering relation defines a lattice of predicate transformers (contracts)
with the lattice operators meet u and join t. The top element> is magic.q =̂ true,
a statement that is not implementable since it can magically establish every
postcondition. The bottom element ⊥ of the lattice is abort.q =̂ false defining
the notion of abortion. The choice operators and negation of contracts are defined
by pointwise extension of the corresponding operations on predicates. A large
collection of refinement rules can be found in [6, 22].

3 Test-Cases are Abstractions

Abstraction is dual to refinement. If C v C ′, we can interchangeable say C is an
abstraction of C ′. In order to emphasize rather the search for abstractions than
for refinements, we write C w C ′ to express C ′ is an abstraction of C. Trivially,
abstraction can be defined as

C w C ′ =̂ C ′ v C

This ordering relation of abstraction w defines the dual lattice on predicate
transformers. Consequently, dual laws about the predicate transformer lattice
can be constructed by interchanging v and w, > and ⊥, t and u in the original
law.



In the following we will demonstrate that test-cases common in software en-
gineering are in fact contracts – highly abstract contracts. To keep our discussion
simple, we do not consider parameterized procedures, but only global state ma-
nipulations. In [6] it is shown how procedures can be defined in the contract
language. Consequently, our approach scales up to procedure calls.

3.1 Input-Output Tests

The simplest form of test-cases are pairs of input i and output o data. We can
define such an input-output test-case TC as a contract between the user and the
unit under test:

TC i o =̂ {x = i}; [y := y′|y′ = o]

Intuitively, the contract states that if the user provides input i, the state will
be updated such that it equals o. Here, x is the input variable and y the output
variable.

In fact, such a TC is a formal pre-postcondition specification solely defined for
a single input i. This demonstrates that a collection of n input-output test-cases
TCs are indeed pointwise defined formal specifications:

TCs =̂ TC i1 o1 t . . . t TC in on

Moreover, such test-cases are abstractions of general specifications, if the spec-
ification is deterministic for the input-value of the test-case, as the following
theorem shows.

Theorem 1. Let p : Σ → Bool be a predicate, Q : Σ → Γ → Bool a relation on
states, and TC i o a test-case with input i in variable x and output o in variable
y . Then

{p}; [Q] w TC i o ≡ (x = i) ⊆ p ∧ |x = i|;Q ⊆ |y := o|

, where |p| and |f | denote the coercion of predicates (here x = i) and state
transformers (here y := o) to relations. Furthermore the composition operator ;
is overloaded for relations.



Proof.
{p}; [Q] w TC i o

≡ by definitions
∀ σ r · p.σ ∧Q.σ ⊆ r ⇐ (x = i).σ ∧ [y := y′|y′ = o].r

≡ by definition of demonic relational assignment
∀ σ r · p.σ ∧Q.σ ⊆ r ⇐ (x = i).σ ∧ (∀ y′ · (y′ = o)⇒ r[y := y′])

≡ by simplification of update
∀ σ r · p.σ ∧Q.σ ⊆ r ⇐ (x = i).σ ∧ r[y := o]

≡ by definition of substitution r := (y := y′|y′ = o).σ
∀ σ · p.σ ∧Q.σ ⊆ (y := y′|y′ = o).σ ⇐ (x = i).σ

≡ distributivity, subset definition
(∀ σ · (x = i).σ ⇒ p.σ) ∧
(∀ σ σ′ · (x = i).σ ∧Q.σ.σ′ ⇒ (y := y′|y′ = o).σ.σ′)

≡ definitions
(x = i) ⊆ p ∧ |x = i|;Q ⊆ |y := o|

�

Theorem 1 shows that only for deterministic specifications, simple input-output
test-cases are sufficient, in general. The theorem becomes simpler if the whole
input and output is observable.

Corollary 1. Let p : Σ → Bool be a predicate, Q : Σ → Γ → Bool a relation
on states, and TC i o a test-case, where the whole change of state is observable.
Thus, input i : Σ and output o : Γ . Then

{p}; [Q] w TC i o ≡ p.i ∧Q.i.o

Proof. The corollary follows from Theorem 1 and the assumption that i : Σ and
o : Γ . �

The fact that test-cases are indeed formal specifications and as Theorem 1
shows abstractions of more general contracts explains why test-cases are so pop-
ular. They are abstract, and thus easy to understand. Furthermore, they are
formal and thus unambiguous.

Furthermore, the selection of certain test-cases out of a collection of test-cases
can be considered as abstraction:

Corollary 2.
TC i1 o1 t . . . t TC in on w TC ik ok

where 1 <= k <= n.

Proof. The theorem is valid by definition of the join operator a t b w a or
a t b w b, respectively. �

3.2 Partition Tests

Partition analysis of a system is a powerful testing technique for reducing the
possible test-cases: Here, a contract is analyzed and the input domains are split



into partitions. A partition is an equivalence class of test-inputs for which the
tester assumes that the system will behave the same. These assumptions can be
based on a case analysis of a contract, or on the experience that certain input
values are fault-prone.

In case of formal specifications, the transformation into a disjunctive normal
form (DNF) is a popular partition technique as already mentioned in the dis-
cussion of the related work in Section 1. This technique is based on rewriting
according the rule A ∨B ≡ (A ∧B) ∨ (¬A ∧B) ∨ (A ∧ ¬B).

A partitioning of a contract statement {p}; [R] is a collection of n disjoint
partitions {pi}; [Ri], such that

{p}; [R] = {p1}; [R1] t . . . t {pn}; [Rn]

and
∀i, j ∈ {1, . . . , n} � i 6= j ⇒ pi ∩ pj = ∅

These partitions describe classes of test-cases, here called partition test-cases.
Often in the literature, if the context is clear, a partition test-case is simply called
a test-case.

Partition test-cases are abstractions of specifications, too:

Theorem 2. Let {pi}; [Ri] be a partition of a specification {p}; [R]. Then

{p}; [R] w {pi}; [Ri]

Proof. The result follows directly from the definition of partitioning above, and
the definition of t. �

Above, only the commonly used pre-postcondition contracts have been con-
sidered. They are a normal form for all contracts not involving angelic actions.
This means that arbitrary contracts excluding t and {R} can be formulated in
a pre-postcondition style. (see Theorem 26.4 in [6]). However, our result that
test-cases are abstractions holds for general contract statements involving user
inter-action. In order to justify this, user-interaction has to be discussed with
respect to testing. The next section will introduce the necessary concepts.

4 Testing Interactive Systems

The synthesis of black-box tests for an interactive system has to consider the
possible user actions. Furthermore, simple input-output test-cases are not suffi-
cient for practical systems. Moreover, sequences of interactions, called scenarios,
are necessary for setting the system under test into the interesting states. Con-
sequently, scenarios of the system’s use have to be developed for testing.

Scenarios are gaining more and more popularity in software engineering. The
reasons are the same as for other test-cases: Scenarios are abstractions of an
interactive system. For a comprehensive introduction into the different roles of
scenarios in software engineering see [19]. In this work, the focus is on validation
and verification.



4.1 User Interaction

Testing interactive systems, typically involves the selection of a series of param-
eters. Some of these parameters can be entered directly, some have to be set up,
by initiating a sequence of preceding actions. Adequate test-cases should dis-
tinguish between these two possibilities of parameter setup. Therefore, simple
pre-postcondition contracts are not sufficient to specify test-cases. Moreover, the
tester’s interaction with the system has to be modeled.

We define an atomic interaction IA of a tester, as a composition of the testers
system update T and the following system’s response Q.

IA =̂ {T}; [Q]

The fact that we define an atomic interaction by means of angelic and de-
monic updates does not exclude other contract statements for modeling interac-
tion. Theorem 13.10 in [6] states that {T};[Q] is a normal form, thus arbitrary
contract statements can be defined by means of interactions.

In this context a simple input-output test-case TCI i o involves the actual
setting of the input variable to i.

TCI i o =̂ {x := x′|x′ = i}; [y := y′|y′ = o]

Again the abstraction relation holds for this kind of test-cases.

Theorem 3. Let T : Σ → Γ → Bool and Q : Γ → Θ → Bool relations on
states, and TCI i o a test-case with input i in variable x and output o in variable
y. Then

{T}; [Q] w TCI i o ⇐ |x := i| ⊆ T ∧Q ⊆ |y := o|

Proof. The theorem holds by homomorphism and monotonicity properties. For
abstracting an interaction, demonic updates may be weakened and angelic up-
dates strengthened. �

The proof is similar to that of Theorem 1.

4.2 Iterative Choice

The application of an iterative choice statement for specifying and refining inter-
active systems have been extensively discussed in [5]. This statement, introduced
in [6], is defined as a recursive selection of possible interactions S.

do ♦ni gi :: Si od =̂ (µX · {g1};S1;X t . . . t {gn};Sn;X t skip)

The skip statement, models the user’s choice of stopping the dialog with the
system. µ denotes the least fix-point operator. In general, a recursive contract
µX · S is interpreted as the contract statement S, but with each occurrence of
statement variable X in S treated as a recursive invocation of the whole contract.



The iterative choice statement follows a common iteration pattern, called
angelic iteration. This iteration construct over S is defined as the following fix-
point:

SΦ =̂ (µX · S;X t skip)

Therefore, we have

do ♦ni gi :: Si od = ({g1};S1 t . . . t {gn};Sn)Φ

Iterative choice should not be mixed with guarded command iterations used
by Dijkstra [12]. Guarded command iterations are strong iterations defined by
Sω=̂(µX ·S;X uskip) with, in contrast to angelic iteration, the termination out
of a user’s control.

In [5] refinement rules for iterative choice are given. However, for testing we
need abstraction rules for the synthesis of test-cases — scenarios are our goal.

4.3 Scenarios

An arbitrary scenario SC of an interactive system with n possible interactions
Si and of length l is a sequence of l sequential user interactions Si. We write a
sequence comprehension expression

〈Si(k) | (1 ≤ i ≤ n) ∧ (1 ≤ k ≤ l)〉

to denote such arbitrary sequences, where k is the position in the sequence. It
should be mentioned that this sequence comprehension expression is not a valid
predicate transformer, but rather serves as a scheme for sequences of predicate
transformers. We use sequence comprehensions as a convenient notation, but
they cannot be defined in higher-order logic.

Scenarios are abstractions of interactive systems, modeled by iterative choice,
as the following theorem shows.

Theorem 4.

do ♦ni gi :: Si od w 〈({gi};Si)(k) | (1 ≤ i ≤ n) ∧ (1 ≤ k ≤ l)〉

Proof. The theorem is valid by definition of the angelic iteration statement and
thus by definition of iterative choice:

do ♦ni gi :: Si od

≡ skip t {g1};S1 t {g2};S2 t {g1};S1; {g1};S1 t {g1}S1; {g2}S2 t . . .

Hence, by definition of t any arbitrary choice of sequence is an abstraction.
�



However, for test-case generation, we are only interested in valid scenarios. A
scenario is considered a test-scenario if it terminates from every possible state.
Thus its weakest precondition should be true:

〈Si(k) | (1 ≤ i ≤ n) ∧ (1 ≤ k ≤ l〉.true = true

Consequently, the abstraction should not equal the abort statement. Since
abort is the bottom element ⊥ of the predicate transformer lattice, it is the
trivial abstraction of every statement. Therefore, we define a notion of testing
abstraction wT

S wT T =̂ S w T A abort

and get the abstraction rule for testing scenarios:

Theorem 5. Let g(k) denote the guard at the kth position in a scenario and
assume that the system specification is consistent. Hence we assume that for all
interactions Si.true ⊆ gi. Furthermore, g(l + 1) 6= false should be an arbitrary
predicate called the goal.

do ♦ni gi :: Si od wT
〈({gi};Si)(k) | (1 ≤ i ≤ n)∧(1 ≤ k ≤ l)∧gi(k) ⊆ Si(k).g(k+1)∧g(1) = true〉

Proof. Abstraction follows from Theorem 4. Termination is valid by induction:
The weakest precondition of the first interaction is true, due to the assumption
that for all interactions Si.true ⊆ gi and g(1) chosen to be true. Consequently
Si(1) terminates. An interaction Si(k + 1) terminates due to the fact that its
pre-condition g(k + 1) can be reached by definition. �

This abstraction rule defines the calculation of valid test scenarios. The goal
predicate is a condition towards a sequence should be developed. Trivially, it is
chosen to be true. For developing a scenario for setting a system to a certain
state, this goal predicate represents the corresponding state description.

The theorem above shows that the question if a scenario terminates, can be
reduced to the question if two following interactions are compositionable. From
this observation a new testing strategy will be derived in the next section.

5 Calculating Scenarios for Testing

5.1 Critics on FSM approaches

In previous related work on test-sequencing for model-oriented specifications,
authors have been concentrated solely on the approach proposed by Dick and
Faivre in [11]. This strategy first calculates partitions of the available opera-
tions and states. Then a finite state machine (FSM) is calculated by searching
transitions from one state to the other. In this graph, nodes are state partitions
and transitions are operation partitions. To derive test-sequences (scenarios) the
tester follows the paths in the resulting graph. See the related work summarized
in Section 1 for examples of this approach.



One disadvantage of this approach is that the whole FSM has to be calculated
in advance, even if full coverage is out of the tester’s scope due to resource
limitations. This situation is even worse: Due to the focus on state partitions,
the number of states increases exponentially with the number of partitioned
state variables. Hence, rather large FSMs have to be calculated in advance. The
second disadvantage is that a state based testing strategy is enforced, although
the contract does not emphasize states but, like for interactive systems, possible
interactions are the central paradigm of description.

In the following, a scenario oriented testing strategy is proposed. We call it a
lazy technique, since the test-cases are calculated by need. It does not calculate
a FSM, since it is not based on states. It is based on atomic scenarios, called
compositions.

5.2 Compositions

We define a composition of an interactive system as a terminating sequential
composition of two interactions. The following corollary follows directly from
Theorem 5 and defines a rule for calculating such compositions.

Corollary 3. For a consistent specification of interactions we have that

(p ∩ ga) ⊆ Sa.gb ⇒ do ♦ni gi :: Si od wT {p ∩ ga};Sa; {gb};Sb

where 1 ≤ a, b ≤ n holds and p is an arbitrary predicate such that p 6= false.

In practice, we will not calculate the compositions from the original specification,
but will previously perform a partition analysis on the interactions, leading to
more (partition) interactions. However, the approach keeps the same. These
compositions should be calculated for all interaction partitions of interest. Next,
these compositions are combined into scenarios.

5.3 Scenario Synthesis

The following rule defines the general calculation of scenarios by combining two
compositions of interest.

Corollary 4. Let the interactions with indices 1 ≤ i, j, k ≤ n be interactions of
an interactive system with n interaction partitions, then

do ♦ni gi :: Si od wT {p1 ∩ gi};Si; {gj};Sj u {p2 ∩ gj};Sj ; {gk};Sk∧
p ∩ p1 ∩ g1 ⊆ Sj .(p2 ∩ g2)⇒

do ♦ni gi :: Si od wT {gi};Si; {gj};Sj ; {gk};Sk

In order to generate valid scenarios, a tester can e.g. start by an initial interaction
with a guard equal to true and then he further searches for compositions leading
to his test-goal. Which scenarios and how many scenarios are tested, depends
on the testing strategy.



5.4 Scenario Based Testing Strategies

The new test approach can be divided into three phases:

1. calculation of interesting partitions for each interaction.
2. calculation of compositions.
3. combination of compositions to validate or to generate test-scenarios.

Different test-coverage strategies can be derived, determined by the strategy for
combining the compositions. Interesting scenario analysis strategies are:

Derive scenarios that include for each partition

– one composition consisting of the partition: for each partition one scenario.
– all possible compositions consisting of the partition: for each partition, one

scenario for each interaction reaching the partition.
– all possible combinations of compositions between two interactions of inter-

est: all scenarios leading from one interaction of interest to another.
– all possible combinations of compositions: all possible scenarios

The strategies are similar to the testing strategies used in data-flow testing
[7]. The difference is that here atomic scenarios, called compositions, are consid-
ered, and in data-flow testing data-objects. An example will serve to demonstrate
the approach at work.

6 Example: Process Scheduler

In this section, the application of our test synthesis method is demonstrated
by an example, well known in the formal methods testing literature. It is the
process scheduler introduced in [11] and translated to Back and von Wright’s
contract notation. We have chosen this example, although it is not new, because
it allows a comparison to the traditional FSM approach most easily. Test-cases
for industrial examples from our projects have been calculated, too. These more
complex examples will be published in future publications.

6.1 Interactive Process Scheduler

The system consists of processes either ready to be scheduled or waiting to
become ready and, optionally, a single active process. These processes are iden-
tified by a unique Pid =̂ Nat. A process cannot be both ready and waiting, and
the active process is neither ready nor waiting. In addition, there must be an ac-
tive process whenever there are processes ready to be scheduled. The scheduling
algorithm is not further specified.

We can model the interactions with this process scheduler as shown in Fig-
ure 1. In this specification a : Pid | nil is a global variable representing an optional
active process, the global variable r : set of Pid and w : set of Pid represent the
sets of ready and waiting processes. Furthermore, p : Pid is a global input variable
solely used for setting a parameter.



Init =̂ [a, r, w := a′, r′, w′|a′ = nil ∧ r′ ∪ w′ = ∅]

New =̂ {p := p′|p′ 6= a ∧ p′ 6∈ (r ∪ w)}; [w := w′|w′ = w ∪ pset]

Ready =̂ {p := p′|p′ ∈ w}; [a, r, w := a′, r′, w′|w′ = w − pset ∧
a = nil⇒ (r′ = r ∧ a′ = p) ∧
a 6= nil⇒ (r′ = r ∪ pset ∧ a′ = a)]

Swap =̂ {a 6= nil}; [a, r, w := a′, r′, w′|r = ∅ ⇒ (a′ = nil ∧ r′ = ∅) ∧
r 6= ∅ ⇒ (a′ ∈ r ∧ r′ = r − a′set) ∧
w′ = w ∪ aset]

Fig. 1. Contracts of the process scheduler’s initialization and interactions.

New introduces another process, Ready puts a process into the ready state,
and Swap changes the active process. In order to prevent a confusion with asser-
tions, pset and aset are used for denoting the sets {p}, {a} containing the single
element p and a. Swap is a good example, how we separate preconditions on the
internal state from conditions for the parameter selection. Here, the fact that
Swap is only defined if {a 6= nil} is documented as a precondition.

The interactive process scheduler can be defined by iterative choice of these
interactions. The initialization statement should be executed once prior to user
interaction. In Figure 2 this model is shown. Note that the precondition of Swap
has become a guard. Furthermore, necessary conditions such that a parameter
selection is possible are documented in the guards. Here w 6= ∅ is such a precon-
dition of Ready.

6.2 Interaction Partitioning

For test-case synthesis, we first partition the basic interactions. Here, our parti-
tion strategy will be based solely on the case distinctions in the contract. As a
consequence, the interaction New is not partitioned. Figure 3 presents the new
partitions after some simplification.

Further partitioning based on interesting states would be possible. Here, for
example, New may be further partitioned into cases where w = nil and w 6= nil.

Scheduler =̂ Init; do true :: New
♦ w 6= ∅ :: Ready
♦ a 6= nil :: Swap
od

Fig. 2. Contract of the interactive process scheduler.



Ready1 =̂ {a = nil}; {p := p′|p′ ∈ w}; [a, r, w := a′, r′, w′|w′ = w − pset ∧
r′ = r ∧ a′ = p ]

Ready2 =̂ {a 6= nil}; {p := p′|p′ ∈ w}; [a, r, w := a′, r′, w′|w′ = w − pset ∧
r′ = r ∪ pset ∧ a′ = a]

Swap1 =̂ {a 6= nil ∧ r = ∅}; [a, r, w := a′, r′, w′|(a′ = nil ∧ r′ = ∅)∧
w′ = w ∪ aset]

Swap2 =̂ {a 6= nil ∧ r 6= ∅}; [a, r, w := a′, r′, w′|(a′ ∈ ready ∧ r′ = r − a′set)∧
w′ = w ∪ aset]

Fig. 3. Partitioned process scheduler.

Any partition is possible and can be formulated as a rewriting rule, such that
the resulting partitions are correct abstractions as stated in Theorem 2.

As a consequence of this partitioning, a new interactive system contract can
be given. In this new description shown in Figure 4, the partition precondi-
tions are incorporated into the guards. This is necessary such that our scenario
synthesis approach works.

6.3 Compositions

The next step, is the calculation of atomic scenarios — the compositions. The
calculation is done by applying the rule of Corollary 3 to the partitioned inter-
active system contract. In many cases, the precondition p of a composition is
stronger than the guard ga of the first interaction Sa. In the formula of Corollary
3 this means that p 6= true. The reason for the additional constraint p is that
the interaction Sa does not guarantee that gb is satisfied. This fits perfectly into
our approach, since precondition strengthening is in fact abstraction. However,
such strengthening indicates paths that are more difficult to establish. In the
trivial case p = gb, which means that the precondition of the composition is the
conjunction of the two guards ga and gb.

Scheduler′ =̂ Init; do true :: New
♦ w 6= ∅ ∧ a = nil :: Ready1

♦ w 6= ∅ ∧ a 6= nil :: Ready2

♦ a 6= nil ∧ r = ∅ :: Swap1

♦ a 6= nil ∧ r 6= ∅ :: Swap2

od

Fig. 4. Partitioned contract of the interactive process scheduler.



{a = nil};New;Ready1 {a 6= nil};New;Ready2

Swap1;Ready1 {card w > 1};Ready1;Ready2

{card w > 1};Ready2;Ready2

Swap2;Ready2

{r = ∅};Ready1;Swap1 {card r > 1};Swap2;Swap2

{r = ∅ ∧ a 6= nil};New;Swap1 Ready2;Swap2

{card r = 1}Swap2;Swap1 {a 6= nil};New;Swap2

S;New

Fig. 5. Compositions of the process scheduler.

The compositions of the scheduler are listed in Figure 5. In this presentation
the guard assertions g are skipped. Only if a guard g has been strengthened by
a precondition p the additional assertion is shown as the precondition {p} of the
composition of the two interactions.

This collection of possible compositions has several advantages: (1) Several
scenarios can be calculated stepwise, without calculating the weakest precondi-
tion for the whole sequence of interactions again and again. (2) It carries the
information which interactions are easily established and which are difficult to
set up. For setting up a goal as quick as possible, choosing simple compositions
will lead to shorter scenarios. On the other hand, strong preconditions indicate
that these combinations are complicated to carry out. A tester should include
such complex combinations.

The compositions are grouped by the second statement, which is more prac-
tical for searching scenarios backwards. Backwards scenario development is more
useful if scenarios are used to reach a certain test goal, as will be seen next.

6.4 Scenarios

Applying the rule for composing two compositions, correct scenarios can be syn-
thesized in a systematic way. In Figure 6 one scenario for testing each partition
is presented. For each scenario the additional precondition to be established is
documented. Scenario3 serves to discuss the synthesis process in more detail.

The actual scenario synthesis starts with the last statement. Here, this is
Ready2, the interaction to be tested. From Figure 5 it can be seen that four
compositions are available. Ready1 is chosen because a scenario for Ready1 is
already available. However, the new precondition forces to choose New twice.

New is chosen, because it is the most promising: Here, New can follow each
statement S, since it has the precondition true. It is a general strategy to choose
interactions with weak guards.

Scenario4 and Scenario5 shows that scenarios can be reused for setting a
system in a state of interest.



Scenario1 =̂ Init; (Testing New)
New

Scenario2 =̂ Init; (Testing Ready1)
{a = nil};New;
Ready1

Scenario3 =̂ Init; (Testing Ready2)
{a = nil};New;
{a = nil ∧ card w > 0};New;
{card w > 1};Ready1;
Ready2

Scenario4 =̂ Scenario2; (Testing Swap1)
Swap1

Scenario5 =̂ Scenario3; (Testing Swap2)
Swap2

Fig. 6. Testing scenarios for the process scheduler.

Based on the table of possible compositions, all scenarios according to one of
the selection strategies that have been presented in the previous section can be
calculated. Here, we applied the first strategy: One scenario for each partition.

It should be noted that for this simple strategy, not all compositions have
to be calculated in advance. However, compositions carry the information which
combinations are most easily achieved, those with the weakest additional pre-
condition. Trivially, it equals true.

7 Conclusions

What we have presented, is to our present knowledge, the first application of
the refinement calculus for generating test-cases. We formally defined our notion
of test-cases for simple input-output tests, partition tests and extended this
definition to test scenarios for interactive systems.

For all these classes of test-cases, we demonstrated that they are in fact formal
abstractions. This realization lead to formal abstraction rules for calculating
correct test-cases. The presented synthesis rules define an alternative method
for finding scenarios of interactions. In contrast to finite state machine (FSM)
based approaches, the focus is on finding possible compositions of interactions.
Which compositions are possible is determined by the abstraction rules. A well-
know example has been translated into an interactive contract specification and
served for illustrating purposes of the method.

As future work we intend to investigate the application of abstraction tech-
niques further. We will apply the method to our industrial projects. However, for



large industrial examples the method needs automation. Theorem provers and
model-checkers could be used for interactively verifying the abstraction relations.

We hope that the presented work stimulates further research on test-synthesis
based on other program-synthesis approaches. Especially, the application of pro-
gram synthesis and transformation tools for testing could be a topic of future
research.
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